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H I G H L I G H T S
 We study vein pattern formation in a growing leaf tissue.
 The canalization hypothesis is adopted as a chemical model for auxin ﬂow.
 Tissue growth is described by a vertex dynamics model.
 Independent coupling of the two models cannot reproduce normal patterns.
 Cell mechanical property and growth rate need to be modiﬁed according to auxin ﬂux.
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a b s t r a c t
Vein formation is an important process in plant leaf development. The phytohormone auxin is known as the
most important molecule for the control of venation patterning; and the canalization model, in which cells
experiencing higher auxin ﬂux differentiate into speciﬁc cells for auxin transportation, is widely accepted.
To date, several mathematical models based on the canalization hypothesis have been proposed that have
succeeded in reproducing vein patterns similar to those observed in actual leaves. However, most previous
studies focused on patterning in ﬁxed domains, and, in a few exceptional studies, limited tissue growth – such
as cell proliferation at leaf margins and small deformations without large changes in cell number –were dealt
with. Considering that, in actual leaf development, venation patterning occurs in an exponentially growing
tissue, whether the canalization hypothesis still applies is an important issue to be addressed. In this study, we
ﬁrst show through a pilot simulation that the coupling of chemical dynamics for canalization and tissue
growth as independent models cannot reproduce normal venation patterning. We then examine conditions
sufﬁcient for achieving normal patterning in a growing leaf by introducing various constraints on chemical
dynamics, tissue growth, and cell mechanics; in doing so, we found that auxin ﬂux- or differentiation-
dependent modiﬁcation of the cell cycle and elasticity of cell edges are essential. The predictions given by our
simulation study will serve as guideposts in experiments aimed at ﬁnding the key factors for achieving normal
venation patterning in developing plant leaves.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
1. Introduction
The vascular system of plants, composed of phloem and xylem,
which transport the products of photosynthesis and both water and
dissolved minerals, respectively, plays an important role in survival
and development (Evert and Esau, 2006). In plant leaves, vascular cells
differentiate from procambial cells, which differentiate from undiffer-
entiated meristematic cells (Steeves and Sussex, 1989; Baima et al.,
2001). The phytohormone auxin is known to be the most important
molecule for the control of differentiation of meristematic cells into
procambial cells (Jacobs, 1952). There exists a net-like pattern of auxin
transport in developing leaf tissue that acts as a pre-pattern for the
differentiation of procambial cells (Uggla et al., 1996; Sieburth, 1999;
Avsian-Kretchmer et al., 2002; Aloni et al., 2003; Fukuda, 2004). The
polarity of auxin ﬂow is regulated by the carrier protein PIN1 (Rubery
and Sheldrake, 1974; Goldsmith, 1977; Morris, 2000) which is localized
to a speciﬁc edge of cells and promotes the pumping of auxin
molecules outside cells. Inhibition of PIN1 causes a dramatic change
in leaf venation patterning (Galweiler et al., 1998; Mattsson et al., 1999;
Berleth et al., 2000).
A widely-accepted hypothesis for the mechanism of vein
pattern formation by auxin transport is canalization (Sachs, 1975,
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1981, 1991). In this hypothesis, cells experiencing a higher auxin
ﬂux than their neighbors become specialized for auxin transport
and turn into auxin sinks (Sachs, 1991). The ﬁrst mathematical
model based on this scenario was proposed by Mitchison (1980a,
b, 1981). In his model, auxin source and sink cells are placed at
opposite sides of a ﬁxed rectangular lattice, and asymmetric
diffusion between cells, corresponding to polarized auxin trans-
port, was introduced. He showed with this model that a laminar
ﬂow of auxin from source to sink ﬁrst appears and that by adding a
small perturbation to the system, a preferential auxin transport
path is formed. However, in his model, the auxin concentrations in
the cells forming the preferential path is lower than that in
surrounding cells, which is inconsistent with the observation of
higher auxin concentrations in vein cells.
Feugier et al. (2005) proposed an extended model that
included the carrier protein PIN1. In that model, auxin is
produced in all cells in a ﬁxed hexagonal lattice and ﬂows out
of the lattice through a sink cell. Each cell has a certain ﬁxed
amount of carrier proteins which is assumed to localize to cell
edges in response to the auxin ﬂux. Since the carrier protein
localizes to cell edges through which auxin ﬂux is higher, auxin
molecules pass more easily through those edges. Preferential
paths of auxin emerged which showed higher auxin concentra-
tion than in surrounding cells as observed in experiments. The
authors concluded that this positive feedback between carrier
protein localization and auxin ﬂux is a fundamental mechanism
of venation patterning.
Thus far, several mathematical models based on the canalization
mechanism have been proposed and have succeeded in reproducing
branching vein patterns (Rolland-Lagan and Prusinkiewicz, 2005;
Bayer et al., 2009; Walker et al., 2013) or reticulate vein networks
(Fujita and Mochizuki, 2006; Feugier and Iwasa, 2006). However,
most of these models focused on patterning in a ﬁxed domain. The
exceptions are the studies by Fujita and Mochizuki. (2006) and
Wabnik et al. (2010), which dealt with limited tissue growth, e.g., cell
proliferation at leaf margins or small deformations without large
changes in cell number. Nevertheless, in actual leaf development, the
venation patterns are gradually formed in dynamically growing
tissues (Scarpella et al., 2006; Alonso-Peral et al., 2006; Sawchuk
et al., 2013). Thus, it is natural to ask whether the canalization
hypothesis still applies in dynamically growing leaf tissue.
In a pilot study, we performed simulations where a previously
proposed canalization model is simply combined with tissue growth
simulation (see Section 2 for details on modeling and simulation).
As shown in Fig. 1, when the chemical dynamics governing the
canalization mechanism is independent of tissue growth dynamics
and cell mechanics, normal patterns are not realized at least for
parameter ranges for which normal venation patterning is achieved
in the absence of tissue growth (see Section 2.3 for details on
parameter values). The anomalous patterns result from the fact that,
due to dynamic change in the lengths of cell edges and the spatial
arrangement of cells through tissue growth, auxin ﬂow is inter-
rupted (discontinuity problem) and tends to weave (straightness
problem) (Fig. 1D), while in actual plant leaves, veins are continuous
(almost no interruption) and quite straight (Fig. 1A).
In this study, motivated by our pilot simulations, we examine
conditions sufﬁcient for achieving normal venation patterns in
growing leaf tissue by introducing various constraints on chemical
dynamics, tissue growth, and cell mechanics. The effects of these
constraints on the pattern are quantitatively evaluated using indexes
of discontinuity and straightness of auxin ﬂow. We found that, to
achieve normal venation patterning, tissue growth dynamics and
cellular mechanics need to change according to auxin ﬂux or
differentiation state. We expect that our results will provide a guide-
post for experimental studies aimed at elucidating the fundamental
mechanisms of venation patterning in developing plant leaves.
2. Model
2.1. Leaf tissue used in this study
We study here vascular development in the Arabidopsis leaf. We
focus on vein formation in intercostal areas (IAs), which are sections
enclosed by the main veins of the leaf (Fig. 2). IAs are created about
4 days after germination (DAG) as a result of the elongation of
secondary veins and the formation of loops with the main vein. While
the spatial patterns of the main and secondary veins are quite
gnivaeWsuounitnocsiDlamroN
Fig. 1. Pilot simulations; independently combining chemical dynamics for canalization and tissue growth never reproduces normal venation patterning in a growing
domain: (A) venation of an Arabidopsis leaf. Blue lines are vein cells (image reproduced with permission from Alonso-Peral et al., 2006). Scale bar, 250 μm. (B) A vein pattern
obtained by numerical simulation in a ﬁxed polygonal lattice, and (C) in a growing lattice (see Section 2 for details of mathematical modeling and the simulation procedure).
In both simulations, the same parameters for chemical dynamics were used. The color of each cell indicates the auxin concentration relative to the average over all cells in
each simulation. Lighter green corresponds to higher auxin concentration. (D) Simpliﬁed diagrams of normal and abnormal vein patterns. The abnormal pattern is due to the
discontinuity and straightness problems. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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reproducible (although little is known about the underlying molecular
mechanisms), higher order veins in the IAs show more random
patterns in terms of position and orientation. In this study, we
examine how to form vein networks with lower discontinuity and
higher straightness in growing IA regions. It should be noted that
although the higher order veins in IAs form closed loops, we did not
consider the loop formation process in our model because it is a
separate problem from the basic mechanism of vein network forma-
tion. In fact, there is a mutant in which few loops form but vein
network structures still form normally (Steynen and Schultz, 2003;
Alonso-Peral et al., 2006; Feugier and Iwasa, 2006; Carland and
Nelson, 2009); also, most ferns as well as the well-known Gingko
biloba produce veins without loops in normal conditions (Arnott, 1959;
Roth-Nebelsick et al., 2001).
According to the experimental literature on the Arabidopsis leaf
(Scarpella et al., 2004, 2006), the second IA – the main focus in this
study – starts with about 40 cells at 5 DAG and grows exponen-
tially, reaching about 3600 cells at 8 DAG. Based on these numbers,
the cell cycle is estimated to be about 12 h. This suggests that
tissue growth in IA regions is much slower than the time scale of
chemical reactions related to auxin and carrier proteins.
2.2. The canalization model as a chemical mechanism for vein
formation
As a chemical mechanism for vein formation, we here adopt a
modiﬁed version of a mathematical model proposed by Feugier
et al. (2005). In their model, the leaf tissue was described as a ﬁxed
(i.e., time-invariant) regular hexagonal lattice, while in our model,
it is described as a time-variant polygonal lattice; the size and
shape of each polygon, representing single cells, dynamically
change during tissue growth. Each cell i has surface area Si(t)
and edges with length lij(t) on the side facing neighboring cell j.
A cell also has two different intracellular variables for chemicals:
auxin concentration Ai(t) (mol/m2), and the line density of carrier
protein (PIN) Pij(t) on each edge (mol/m) (see Table 1 for all
variables and parameters for chemical dynamics).
It is assumed that auxin molecules are transported from cell i to
neighboring cell j according to the concentrations of carrier
proteins. Speciﬁcally, the net ﬂux of auxin Jij per unit length from
cell i to cell j is modeled as Feugier et al. (2005)
Jij ¼
1
2
α AiPijAjPji
 
; ð1Þ
where α is the carrying efﬁciency. Then the dynamics of auxin
concentration in cell i is given by
dAi
dt
¼ r 1 Ai
A0
 
 1
Si
∑
n
j ¼ 1
Jijlij: ð2Þ
The ﬁrst term on the right-hand side in Eq. (2) represents auxin
metabolism. We here adopt a “constant production/decay hypoth-
esis”, in which all cells have the same rate of metabolism (Dimitrov
and Zucker, 2006). In the absence of auxin ﬂux between cells, each
cell has auxin concentration A0 in an equilibrium at which the
auxin production rate (r) is balanced with its decay rate (r/A0). The
second term is the contribution of intercellular exchange of auxin
molecules.
The dynamics of the line density of carrier protein Pij is given by
the following equation:
dPij
dt
¼ψ iðβf ðJijlijÞþqÞδPij;
f ðJijlijÞ ¼
ðJijlijÞ2 ðif JijZ0Þ
0 ðotherwiseÞ
( ð3Þ
where the ﬁrst term on the right-hand side in Eq. (3) represents
the allocation of carrier proteins to the jth edge in cell i. The
allocation rate is assumed to depend on the ﬂux, and the
dependency is given by the function f. In the previous study,
Feugier et al. (2005) examined the relationship between the type
of function f and the vein patterns produced in a ﬁxed lattice.
According to their results, we adopted the quadratic function of
the ﬂux as f and also assumed that allocation depends only on the
outﬂux (i.e., JijZ0). ψ is the amount of free carrier protein, which
is discussed below, and β is the efﬁciency of speciﬁc allocation of
carrier proteins. q is the basal allocation, and δ is the rate at which
allocated carrier proteins return to the free state.
We assume that the total amount of carrier proteins in a cell
(denoted by T) is a constant in all cells. Thus, the following
relationship holds for each cell:
T ¼ψ iþ ∑
n
j ¼ 1
Pijlij: ð4Þ
2.3. Non-dimensionalization of the canalization model and key
parameters for vein pattern formation without tissue growth
Introducing the following new variables and parameters, we
non-dimensionalized the canalization model (hat symbol “ b ”
indicates a dimensionless quantity):
bAi  AiA0; bPij 
ﬃﬃﬃﬃﬃ
S0
p
T
Pij; bψ i ψ iT ; blij  lijﬃﬃﬃﬃﬃS0p ; bSi  SiS0; bt  δt;
D1 
r
δA0
; D2 
αT
2δS0
; D3 
α2β
4δ
A0
2T2
ﬃﬃﬃﬃﬃ
S0
p
; D4 
q
ﬃﬃﬃﬃﬃ
S0
p
δ
;
where S0 is a typical cell size corresponding to an average cell size
in the tissue mechanical model, as explained later. After some
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Fig. 2. Schematic diagram of vein pattern in the Arabidopsis leaf; (blue) main and secondary veins, and (red) higher order veins: (A) abaxial view at 5 days after germination (DAG),
(B) abaxial view at 8 DAG, and (C) details of vein patterns in the second intercostal area (IA) in the dotted line box from (B). MV, main vein; SV, secondary veins; HV, higher order veins.
Numbering of IAs is determined by the order of their generation. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)
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calculations, Eqs. (1)–(4) are transformed into the following set of
differential equations:
dbAi
dbt ¼D1 1bAi
 
D2
1bSi ∑
n
j ¼ 1
bAibPijbAjbPji blij; ð20Þ
dbPij
dbt ¼D3 bψ i bAibPijbAjbPji
 2blij2þD4 bψ ibPij; ð30Þ
dbψ i
dbt ¼  ∑nj ¼ 1 dd bt bPijblij
 
: ð40Þ
The non-dimensionalized canalization model has four parameters.
In Eq. (20), D1 and D2 are the parameters that control the time scale
of auxin metabolism and the pumping efﬁciency of the net ﬂux of
auxin, respectively. In Eq. (30), D3 is the parameter for the
efﬁciency of speciﬁc allocation of carrier proteins. Its value is zero
when the net ﬂux of auxin is negative, and is a positive constant if
the ﬂux is positive. D4 is the parameter that determines the basal
rate of allocation of carrier proteins.
Before introducing tissue growth dynamics, we examined the
parameter dependence of spatial pattern of auxin ﬂow in a ﬁxed
polygonal lattice with 2500 cells (corresponding to 7.5 DAG),
one of which is a sink cell at which auxin concentration is ﬁxed
at 0 throughout simulation. The ranges of parameter values
examined in the simulations were D1¼10–1000, D2¼50–5000,
D3¼20–2000, and D4¼0.2–20.
We found that the spatial pattern of auxin ﬂow in a ﬁxed
domain is determined mainly by two parameters: E1¼D2/D1 and
E2¼D3/D4. E1 is the ratio between the auxin pumping efﬁciency
and the rate of auxin metabolism, which we call relative pumping
efﬁciency. With increase in E1, auxin proteins are carried to
neighboring cells more frequently. E2 is the ratio between the
ﬂux-dependent and basal rates of allocation of carrier proteins,
interpreted as the relative speciﬁcity of allocation. Fig. 3 shows the
dependence of the spatial patterns of auxin ﬂow on E1 and E2.
The patterns produced are summarized as follows. No patterns
appear when E1 is too high (i.e., 41000); auxin molecules are carried
to the sink cell easily, and, as a result, all molecules are ﬂushed out of
Table 1
The variables and parameters in canalization model and vertex dynamics model.
Description Symbol Unit
Variables
Concentration of auxin in cell i Ai mol/m2
Line density of carrier protein in edge jon cell i Pij mol/m
Amount of free carrier proteins in cell i ψi mol
Net ﬂux of auxin per unit length from cell i to cell j Jij mol/(m s)
Area of cell i Si m2
Length of edge j on cell i lij m
Perimeter of cell i Li m
Total potential energy function of the system U N m
Positional vector of the vth vertex xv m
Time t s
Parameters
Carrying efﬁciency of the carrier proteins α m2/(mol s)
Equilibrium of auxin metabolism A0 mol/m2
Maximum auxin production rate r mol/(m2 s)
Efﬁciency of speciﬁc allocation of carrier proteins β s/(m mol2)
Basal allocation of carrier proteins q 1/(m s)
Returnrate of allocated carrier proteins to the free state δ 1/s
Total amount of carrier proteins in a cell T mol
Natural area of a cell S0 m2
Natural length of an edge l0 M
Viscous resistance η N s/m
Coefﬁcient of area constraint for the cell area Κ N/m3
Coefﬁcient of line elasticity Β N/m
Coefﬁcient of elasticity of the cell perimeter Γ N/m
0.1 1 10 100 1000 E1
E2
1
10
100
1000
10000
Fig. 3. The parameter dependence of spatial pattern of auxin ﬂow on a ﬁxed polygonal lattice. The total number of cells is 2500. The pattern is mainly determined by two
parameters: relative pumping efﬁciency E1¼D2/D1, and relative allocation speciﬁcity E2¼D3/D4. In this ﬁgure, we set D1¼50 and D3¼300. To achieve normal pattern in a
ﬁxed domain, appropriate sets of parameters are necessary. In the following sections, we use (E1, E2)¼(10, 100). See also the main text for details.
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the tissue. When E2 is too low (i.e., o10), there are also no patterns,
meaning that ﬂux-dependent allocation of carrier proteins is essential
for patterning. When E1 is low and E2 is high, some patterns appear.
Around (E1, E2)¼(10, 100), a canalization pattern is clearly produced in
the ﬁxed polygonal lattice, and we chose this parameter set for the
numerical analysis of vein pattern formation in growing leaf tissue
performed later. With a decrease in E1, the pattern shifts from canal-
like to scattered. Auxin can be degraded very quickly, preventing any
accumulation, and hence the fraction of auxin going into degradation
is easily larger than that going into pumping. As a result any cell can
become an efﬁcient sink.
2.4. A mechanical model of leaf tissue growth
To simulate leaf tissue growth, we adopted a vertex dynamics
model (Fig. 4), which has been used to study animal epithelial
tissue growth, such as Drosophila wing disc, Xenopus tadpole ﬁn,
and Fundulus epiboly (Weliky and Oster, 1990; Farhadifar et al.,
2007; Nagai and Honda, 2009; Aegerter-Wilmsen et al., 2010;
Hironaka and Morishita, 2014), and plant tissue growth, such as
the development of the Arabidopsis shoot apical meristem
(Hamant et al., 2008). In this model, each cell is represented as a
polygon formed by linking several vertices, and each vertex moves
Cell i
Cell j
Edge length lij
Cell area Si
Cell perimeter Li
<
>
Cell center
Division
orientation
PIN
Free PIN
No PINNo PIN
Cytoplasm
Cell wall
Middle lamella
Cell growth
Cell center
Cell division
occurs
Distance increasing
Fig. 4. Schematic diagrams of vertex dynamics model: (A) undifferentiated polygonal cells in an Arabidopsis leaf. Green line indicates plasma membrane (image reproduced
with permission from Scarpella et al., 2004). Scale bar, 10 μm; (B) approximated vertex network obtained by simplifying (A). Cell i and cell j are adjacent to one another; (C) a
magniﬁed view of cell i in (B); (D) spatial arrangement among cells changed by cell division. When the green cell divides into two daughter cells, the distance between the
centers of the two blue cells increases; (E) a hypothetical sliding or reconnection of cell edges in plant development. Although it is generally considered that sliding or
reconnection of cell edges does not occur in plant development, it may occur through a mechanism such as the activation of auxin-dependent cell wall remodeling enzymes;
(F) cell division process. When the clock for the cell cycle reaches a threshold, the cell divides into two daughter cells by a line passing through the center of the cell. As a
basic rule, the newly-born edge has no carrier proteins. The total amount of carrier protein in each daughter cell is set to T, meaning that the sum of the amount of carrier
protein in the two daughter cells is twice as much as that in the mother cell, and (G) reconnection process of the vertex network. When the length of an edge becomes
shorter than threshold ε, topological change occurs. As a basic rule, carrier proteins (PIN) on the old edge to be reconnected are assumed to return to the free state in each
cell, and the new edge has no carrier proteins. In the Section 3, we examine cases with different rules for adjusting chemical amounts after the topological change in the
vertex network. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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so as to minimize the potential energy U of the system as follows:
η
dxv
dt
¼  ∂U
∂xv
; ð5Þ
where xv is the positional vector of the vth vertex, η is a coefﬁcient
of viscous resistance, and U is given by
U ¼∑
i
Κ
2
ðSiS0Þ2þ∑
i;j
Β
2
ðlij l0Þ2þ∑
i
Γ
2
Li
2; ð6Þ
where the ﬁrst term represents an area constraint; Si and S0 are
the area of cell i and a natural area (a constant equivalent for all
cells), respectively. The second term indicates the line elasticity for
cell edges, and l0 is the natural length of an edge. The third term is
the elastic energy for the cell perimeter Li. Κ, Β, and Γ are the
parameters representing the weights of those terms (see Table 1
for all variables and parameters in the mechanical model).
2.5. Dynamic change in the spatial arrangement of cells through
tissue growth
In growing tissues, the spatial arrangement of cells can be
changed in two ways. One is cell division; for instance, the
distance between two cells (not adjacent to each other) increases
with time due to the division of other cells between them
(Fig. 4D). The other is cell intercalation (or reconnection of cell
edges in terms of the vertex network, called the T1 process (Staple
et al., 2010)). Time-lapse imaging of cell trajectories in developing
organs of animals has revealed that dynamic reconnections
between cell edges frequently occur during organ morphogenesis.
However, in plant development, it is generally considered that
such reconnection of cell edges does not occur (Priestley, 1930).
This is because plant cells are tightly glued together through their
cell walls, which are composed of cellulose microﬁbrils, and the
walls are known to grow by irreversible extension (Cosgrove,
2005).
However, since there are few studies using time-lapse analysis
at single cell resolution of plant leaf development, whether or not
the sliding or reconnection of cell edges occurs at all within
growing tissues is still an open question (Fig. 4E). Actually, in
some processes, such as lateral root emergence, the separation of
shared cell walls is observed; this separation is caused by the
action of cell wall remodeling enzymes (Peret et al., 2009). Since
these enzymes function in an auxin-dependent manner (Swarup
et al., 2008), a similar process, separation of shared cell walls, may
occur in growing leaf tissues. Based on this, it is unlikely that
sliding and/or reconnection never occurs, and thus we examined
venation patterning in growing tissues in the case where they (i.e.,
the T1 process in the vertex dynamics model) are allowed in
simulations (see Fig. 4E). After that, we also examined the case
where the T1 process is prohibited and the spatial arrangement of
cells changes only through cell division. The most important point
is that, as shown later, sufﬁcient conditions for achieving normal
venation patterning are basically the same in both cases (i.e.,
models with and without the T1 process).
Speciﬁcally, in our model, cell division and the reconnection of
cell edges are dealt with as follows. Regarding cell division, each
cell has a clock for the cell cycle. This clock goes at a constant rate
until it reaches a threshold (θ), at which time the cell divides. After
division, the cell cycle clock is reset to zero. To avoid synchroniza-
tion of cell division among cells, the threshold is a random
variable; speciﬁcally, θ¼θ0þξ, where ξ obeys a uniform distribu-
tion in the interval [0.1θ0, þ0.1θ0]. As discussed later, the clock
speed may be different among cells depending on differentiation
state. When cell division occurs, the mother cell is divided into
two daughter cells by a straight line passing through the center
of the mother cell (then two vertices are added) (see Fig. 4F).
The effects of the orientation of cell division on vein pattern are
examined later. The two daughter cells generated by this proce-
dure inherit the values of the mechanical parameters of the
mother cell. As for the T1-process, we adopted an ordinary way;
when the length of an edge becomes shorter than a threshold
length (ε), a topological change occurs (Fig. 4G).
2.6. Non-dimensionalization of the mechanical model and coupling
between chemical and mechanical models
By introducing the following variables and parameters, the
dynamics of the vertices were non-dimensionalized:
bxv  xvﬃﬃﬃﬃﬃ
S0
p ; bU  U
ΚS0
2;
bLi  Liﬃﬃﬃﬃﬃ
S0
p ; bη ηδ
ΚS0
; bΒ Β
ΚS0
;
bΓ  Γ
ΚS0
; bl0  l0ﬃﬃﬃﬃﬃ
S0
p :
Then Eqs. (5) and (6) are transformed into the following:
bηdbxv
dbt ¼  ∂bU∂bxv; ð50Þ
bU ¼ 1
2
∑
i
bSi1 2þ bΒ2∑i;j blijbl0
 2
þ
bΓ
2
∑
i
bLi2; ð60Þ
where bΒ and bΓ are the non-dimensionalized parameters repre-
senting the weights of the line elasticity and the perimeter
elasticity, respectively. According to Farhadifar et al. (2007), we
used of bΓ ¼ 0:04. As for bΒ, we used bΒ¼ 0:1, with which the data
reported by Farhadifar et al. (2007) were reproduced (data not
shown). The dimensionless natural lengthbl0 was set to 0.76, which
is the edge length of a regular hexagon with area 1.0. In the
following, for simplicity, we omit the hat symbol from the normal-
ized quantities.
Our model for vein pattern formation in growing leaf tissue is
completed by coupling Eqs. (20)–(60). The main difference from a
canalization model with a ﬁxed regular lattice is that cell size and
edge length dynamically change with tissue growth, which
requires adjustment of auxin concentration and line density of
carrier proteins for each cell. Auxin concentration depends on the
cell area; for a small change in S (ΔS), the concentration changes
byΔA¼ ð∂A=∂SÞΔS. The line density of carrier proteins depends on
edge length; given change in edge length Δl, line density changes
by ΔP ¼ ð∂P=∂lÞΔl. Furthermore, as stated before, the topology of
the vertex network dynamically changes through cell division and
reconnection of cell edges, and, thus, some rules for deﬁning auxin
concentrations and the line density of carrier proteins after such
topological changes are required. In the case of cell division, we
adopted the following as a basic rule; no carrier proteins are
allocated to a newly-born edge (i.e., boundary between two
daughter cells), and the line densities of carrier proteins of the
other edges do not change (Fig. 4F). In the case of the reconnection
of edges, carrier proteins allocated on the old edge return to the
free state in each cell, and no carrier proteins are allocated to the
new edge, i.e., its line density is set to zero (Fig. 4G) (see also
Section 2.10). In the Section 3, we examine cases with different
rules for adjusting chemical amounts after the topological change.
Fig. 5 shows the calculation procedure for numerical simula-
tions. During each time step Δt, the following processes are
calculated: (i) based on vertex dynamics for tissue growth, the
changes in x, Δl, and ΔS are calculated; (ii) A and P are adjusted
according to ΔS and Δl; (iii) when topological change occurs, A
and P of newly born edges and/or cells are adjusted; and (iv) based
on the chemical dynamics, A, P, and ψ are updated.
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2.7. Cell differentiation
A main characteristic of organ development is that cell proper-
ties and behaviors change through cell differentiation. In the
context of vein formation, it is known that future veins come
from cells for which the level of auxin signaling is higher. It is
natural to assume that ﬂux or concentration of auxin affects
differentiation, although the detailed molecular mechanisms by
which the auxin signal controls differentiation are not well under-
stood. In the Section 3, we examine how the heterogeneity of cell
properties resulting from differentiation affects vein pattern for-
mation. We did not observe qualitatively large differences in
simulation results between ﬂux-dependent and concentration-
dependent differentiation processes. In the following, we will
show results only for the case of ﬂux-dependent differentiation.
To deﬁne the differentiated state, we introduced timer Tdif for
differentiation. In each cell, this timer goes when the sum of the
positive auxin ﬂux is over threshold θdif,
Tdif ¼
Z
f ∑½JijðtÞþ
 
dt;
f ∑½JijðtÞþ
 
¼
1 ∑½JijðtÞþ4θdif
 
;
0 ðotherwiseÞ;
8<:
and differentiation occurs when the timer reaches threshold τdif.
If the auxin ﬂux drops under threshold θdif, the differentiation
timer stops. Once a cell differentiates, it is assumed not to return
to the previous undifferentiated state. When the threshold is too
high, no cells differentiate, whereas most cells differentiate when
it is too low. Thus, we adopted an intermediate value so that
appropriate auxin ﬂows are captured (see Table 2).
2.8. Initial conditions and parameter values
Fig. 6A shows the initial conditions for the simulations: a round
patch of tissue with 41 cells that corresponds to the IA at 5 DAG.
Boundary cells are assumed to be sink cells corresponding to the
cells in the main and secondary veins. Auxin concentrations in
the boundary cells are ﬁxed at 0 throughout the simulation.
The division planes of the boundary cells are assumed to be
perpendicular to the tangent of the boundary so that the one-
layer structure of the boundary can be kept against tissue growth
(Fig. 6B). Each simulation run was stopped when the number of
cells reached 2500, which corresponds to 7.5 DAG.
In the non-dimensionalized coupled model, there were a total
of 11 parameters. Table 2 shows the parameter values used in the
following simulations.
2.9. How to evaluate auxin-ﬂow pattern produced by numerical
simulation
As shown in Section 1, there are two main problems with the
auxin-ﬂow pattern in growing leaf tissue: discontinuity and lack of
straightness of the veins (Fig. 7). Discontinuity is caused by dynamic
change in the lengths of cell edges and the spatial arrangement of cells
through tissue growth. Since a vein cell absorbs auxin from surround-
ing cells and exports it to downstream vein cells, when auxin ﬂow is
interrupted, the ﬂow is redirected to another cell by chance, resulting
in local circulation of auxin among several cells (Fig. 7B). This local
circulation is stable, and, thus, the disconnection is maintained for a
long period, and the original global ﬂow pattern is not restored.
Considering this situation, we quantiﬁed the discontinuity of vein
pattern by counting the number of local circuits.
The straightness of veins is also affected by tissue growth. We
quantiﬁed the straightness of veins by the ratio of the shortest
distance between cell centers of the start point and the end point of
the vein and the distance along the vein from the start to the end
points (i.e., persistence in directionality) (Fig. 7C and D). The start
point is the terminal differentiated cell, i.e., the most upstream cell,
and the end point is the sink cell or the local circuit. When the vein
included branchpoints, we slightly modiﬁed the deﬁnition of the
straightness given above. This is because the curvature of the vein is
large around branchpoints, and this strongly affects the straightness
value. We thus redeﬁned straightness as the ratio of the sum of
lengths of line segments connecting the start point, branchpoints,
and end point to the total length of the vein (Fig. 7C and D). In some
cases, there were several, separate veins in a tissue, in which case
straightness in each simulation was deﬁned as that of the vein with
the largest number of cells.
For actual leaves, the discontinuity of veins is virtually zero, and
the straightness is almost 1.
2.10. A criterion for evaluating the proposed models: Model-0
As shown in Section 1, disconnected and zigzag auxin ﬂow
patterns are generated when there are no speciﬁc rules for
chemical dynamics, tissue growth, and cell mechanics. In the
following section, we explore the conditions sufﬁcient to achieve
Vertex dynamics
calculation
x l S
Chemical value
A P
adjustment
Topological
change?
Chemical dynamics
A P
update
No
Yes
C
el
lm
ec
ha
ni
cs
&
tis
su
e
gr
ow
th
st
ep
C
he
m
ic
al
dy
na
m
ic
s
st
ep
Ti
m
e
st
ep
t
Fig. 5. The calculation procedure of numerical simulations. At each time step Δt,
the following processes are calculated: (i) based on vertex dynamics for tissue
growth, the changes in x, Δl, and ΔS are calculated; (ii) A, and P are adjusted
according to ΔS and Δl; (iii) when topological change occurs, A and P of newly born
edges and/or cells are adjusted; and (iv) based on the chemical dynamics, A, P, and
ψ are updated.
Table 2
The value of parameters in the coupled dynamics.
Description Symbol Value
Chemical dynamics
Time scale of auxin metabolism D1 50
Pumping efﬁciency of the net ﬂux of auxin D2 500
Efﬁciency of speciﬁc allocation of carrier proteins D3 200
Basal allocation rate of carrier proteins D4 3
Tissue growth and cell mechanics
Non-dimensionalized viscous resistance bη 0.01
Non-dimensionalized perimeter elasticity bΓ 0.04
Non-dimensionalized line elasticity bB 0.1
Non-dimensionalized natural length of edges bl0 0.76
Threshold for the differentiation timer τdif 0.1
Threshold of auxin ﬂux for differentiation θdif 0.5
Threshold of the clock for cell division θ0 1
S.-W. Lee et al. / Journal of Theoretical Biology 353 (2014) 104–120110
vein patterns with low discontinuity and high straightness by
imposing constraints on chemical dynamics, tissue growth, and
cell mechanics. As a criterion for evaluating the proposed models,
we deﬁne “model-0” as one without any constraints. In model-0,
the parameter values for chemical (D1–D4) and mechanical (η, Β,
Γ, l0) properties and for the cell cycle (τdif, θdif) are the same in all
cells; i.e., there is no difference between undifferentiated and
differentiated cells.
The rule for the orientation of cell division in model-0 is
different between the cases in which the reconnection of cell
edges is allowed and not allowed; in the former, the orientation of
cell division is completely random. In contrast, in the latter, the
orientation is not random but along the shortest axis of a focal cell;
the shortest axis of a cell was calculated based on elliptical
approximation (Fig. 8A). Without this rule, cusp-like structures
are frequently generated as local minima (Fig. 8B), and tissue
growth with normal cell shapes is quite difﬁcult. The rule of cell
division along the shortest axis is considered to contribute to the
relaxation of stress concentration, as studied in Alim (2012). With
this rule, such cusp-like structures hardly ever appear.
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SC SC
Division
orientation
Boundary edge
Fig. 6. The initial and boundary conditions for the simulations: (A) the initial condition for the simulation with 41 cells. Green cells are boundary cells that are assumed to be
sink cells; (B) a magniﬁed view of the region in the dotted line box from (A). Boundary cells keep a one-layer organization during simulations by dividing perpendicularly to
the boundary edge (orange segments). The blue dotted line indicates the division plane, which passes through the cell center. SC: sink cells. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 7. Deﬁnition of the discontinuity and straightness of vein patterns: (A) an auxin ﬂow pattern obtained by a simulation and (B) an example of local circulation. Orange
arrows indicate auxin ﬂow between cells with higher auxin concentrations. The discontinuity in vein pattern is evaluated by the number of local circulations. (C) And (D) a
magniﬁed view of the left dotted box from (A). The straightness of veins is deﬁned as the ratio of the sum of lengths of line segments connecting the start point,
branchpoints, and end point (blue line in (C) and (D)) to the length of the vein (orange line in (D)). The start point is the terminal differentiated cell, i.e., the upstream
terminus of the vein, and the end point is the sink cell or the local circulation. See also the text for details. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)
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Fig. 9 shows typical time courses of the indexes of discontinuity
and straightness for model-0s with and without the T1 process; in
both models, the discontinuity is much higher and the straightness
lower than those in actual leaves.
3. Results
We carried out computer simulations of models with various
rules for chemical dynamics, tissue growth, and cell mechanics.
We ﬁrst focus on the case where reconnections of cell edges
(T1 processes) are allowed (Sections 3.1–3.4). In the following
three subsections (Sections 3.1–3.3), we examine how each rule
affects vein patterns and show that no single rule can solve both
the discontinuity and straightness problems at the same time
(Fig. 10). After that, by combining the merits of those rules, we see
that the vein patterns produced can be further improved so that
they have values of discontinuity and straightness comparable to
those in actual leaves (Section 3.4). Finally, we show that sufﬁcient
conditions for achieving normal venation patterning are basically
the same even in the absence of the cell-edge reconnection
process (Section 3.5).
3.1. Rules for chemical dynamics
As stated above, without adding any speciﬁc rules to model-0,
the disconnection of auxin ﬂow was observed frequently in
growing tissues. The main factor preventing the spontaneous
restoration of normal ﬂow pattern against interruption was the
formation of stable local circulation of auxin ﬂow, which results
from the dynamic change in the spatial arrangement of cells
(i.e., topological change in the vertex network due to cell division
or edge reconnection) and the lengths of cell edges through tissue
growth. Thus, preventing the formation of local circulation is a
possible way to improve the discontinuity problem.
Here, by adding constraints on chemical dynamics, we tried to
decrease the formation of local circuits. In model-0 with edge
reconnection allowed, carrier proteins at a reconnected edge
return to the free state (Figs. 4G and 11B). When carrier proteins
are localized at that edge, the reconnection causes their delocali-
zation, resulting in the disruption of auxin ﬂow. Thus, if there is a
mechanism for rerouting the ﬂow via newly cut-in cells, global
ﬂow patterns might be restored and the formation of local circuits
prevented. To allow for the possibility of rerouting, we introduced
Cusp-like
structure
Cell center
Shortest axis =
division orientation
Elliptical
approximation
Fig. 8. (A) Cell division along the shortest cell axis. (B) A typical cusp-like structure obtained by a simulation in which cell edge reconnection is not allowed and cells divide
along a randomly chosen axis. Due to the emergence of this structure, tissue growth with normal cell shapes is quite difﬁcult.
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a new and plausible rule for the reallocation of carrier proteins at
the reconnection; speciﬁcally, carrier proteins at an old edge to be
reconnected are reallocated evenly to the two neighboring edges
just before the original edge disappears through the reconnection
process (Fig. 11C), which we call the “RR” rule.
As expected, discontinuities decreased when using the RR rule
(Fig. 10B and G), but they did not completely disappear; local
circuits of auxin ﬂow appeared with high probability with the
increase in tissue size (Fig. 10G). Furthermore, regarding straight-
ness, there was no improvement with the addition of this rule
(Fig. 10H). We thought the incomplete improvement in disconti-
nuity could be explained as follows. Although with the RR rule, the
direction of auxin ﬂow can be taken over by newly cut-in cells
properly, there is no guarantee that out-ﬂuxes from these cells will
be directed to the original downstream vein cell (Fig. 11C).
Like edge reconnection, cell division also causes topological
change in the vertex network. Let us consider the situation shown
in Fig. 11D, in which the blue cell has just divided. In model-0, no
carrier proteins are allotted to the newly-born edge. In the process
of redirection of auxin ﬂow, a local circuit can be formed by
chance. Its probability of forming depends on the relative length of
edge X because, from Eq. (3), the restoration of localization of
carrier proteins is faster for longer cell edges; thus, when the
length of edge X is larger, a local circuit is easy to form. In contrast,
when the relative length of edge Y is larger, the original auxin ﬂow
is restored with high probability.
0.5
0.6
0.7
0.8
0.9
1
0 1000 2000 3000
St
ra
ig
ht
ne
ss
Cells
0
5
10
15
20
25
0 1000 2000 3000
D
is
co
nt
in
ui
ty
Cells
Model-0 (A) RR (B) CP (C) FPE (D)
FPA DCC (E) FLE (F)
Fig. 10. Results of numerical simulation with a single constraint on chemical dynamics, tissue growth, and cell mechanics: (A–F) Typical patterns generated by simulations
with each rule. (A) Model-0 (no constraint). (B) And (C) Rules on chemical dynamics. (B) Reallocation at reconnection (RR) rule on chemical dynamics. (C) Intracellular
polarity (CP) rule on chemical dynamics. (D) and (E) Rules on tissue growth. (D) Flux-perpendicular cell division (FPE) rule on tissue growth. (E) Differentiation-dependent
cell cycle (DCC) rule on tissue growth. (F) Flux-dependent line elasticity (FLE) rule on cell mechanics. (G) Average time-course of the discontinuity index for each rule.
The average was taken over 10 simulation runs for each rule. In actual plant leaves, the discontinuity is virtually zero. The RR and CP rules partially suppresse the
discontinuity, and the FLE rule perfectly solves the discontinuity problem. (H) Average time-course of the straightness index for each rule. In actual plant leaves, the
straightness is almost one. There is no single rule that improves straightness.
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As a possibility for increasing the probability of redirection to
the original ﬂow, we here tried a rule in which intracellular
polarity along the auxin ﬂow is kept after cell division by
allocating a portion of the carrier protein to a newly-born edge
(CP rule) (Fig. 11E). As expected, the discontinuity decreased
(Fig. 10G), but the improvement was partially like the improve-
ment seen with the RR rule described above. As for the straight-
ness of auxin ﬂow, there was also no improvement with the
addition of the CP rule.
From the above results, we concluded that normal vein
patterns cannot be achieved in a growing tissue only by modifying
chemical dynamics governing the canalization mechanism.
3.2. Rules for tissue growth
The behavior of tissue growth is determined by the cell cycle
and cell division orientation. We here tried to improve vein
patterns by imposing speciﬁc rules on these two processes.
3.2.1. Auxin-ﬂux-dependent cell division orientation
In plant meristem cells, it is known that the ﬂexibility of cell
walls on the path of auxin ﬂow increases, and cells elongate along
this axis, ﬁnally leading to cell division with the division plane
perpendicular to the axis of elongation (Peaucelle et al., 2011).
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Fig. 11. Schematic diagrams of rules for chemical dynamics. (A)–(C) Diagrams for the reallocation at reconnection (RR) rule. (A) Vein cells before a reconnection event.
Orange arrows indicate auxin ﬂow. As a result of reconnection, the old edge between vein cells disappears, and a new edge is generated between cut-in cells. (B) And
(C) reallocation of carrier proteins (PIN) at the reconnection and “expected” auxin ﬂow after the reconnection event by each rule. (B) With the basic rule (see Section 2.6),
carrier proteins are returned to the free state, and the auxin ﬂow is expected to be unable to reroute. (C) With the RR rule, carrier proteins are reallocated evenly to the two
edges neighboring the old edge. Auxin ﬂow is expected to pass through cut-in cells, but there is no guarantee that the ﬂow will reach the downstream vein cell. (D) And
(E) diagrams for the intracellular polarity (CP) rule. (D) Cell division causes topological change, which could generate a local circuit. With the basic rule (see Section 2.6), no
carrier proteins are reallocated to the newly-born edge Y (blue line). If the relative length of edge X (red line) is sufﬁciently greater than the relative length of Y, the
restoration of localization of carrier proteins is faster on edge X. As a result, a local circuit could be generated. (E) With the CP rule, a portion of the carrier protein is
reallocated to newly-born edge Y when a cell divides. As a result, the original polarity of auxin ﬂow is kept after cell division. VC, vein cell; CiC, cut-in cell. (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Although little is known about the relationship between auxin
ﬂow and cell division orientation in leaf development, the orienta-
tion of cell division might affect vein pattern if it is not random but
auxin ﬂux-dependent. As extreme cases, we examined two situa-
tions where cell division occurs in a ﬂux-perpendicular (FPE rule)
or ﬂux-parallel (FPA rule) manner.
We found that vein pattern was not improved in either case
relative to model-0. However, there was a clear difference between
the effects of the two constraints on the pattern. When the rule of
ﬂux-perpendicular division was applied to all cells, the straight-
ness of veins noticeably decreased; it dropped to 0.65, which is the
lowest level among the conditions we considered. Even when this
rule was restricted to differentiated cells, the situation did not
improve much (Fig. 10G and H). The reason that straightness
decreases with ﬂux-perpendicular division is that, as shown in
Fig. 12, it fosters the curvature of auxin ﬂow, like buckling, making
the ﬂow more meandering. Regarding the discontinuity, little
change was observed.
In contrast, ﬂux-parallel division had the opposite effect; the
discontinuity of the pattern got worse and straightness was
almost unchanged. The reason may be simpler; as shown in
Fig. 12, ﬂux-parallel division shortens the edges that are perpen-
dicular to the ﬂux, making it easier for veins to be interrupted by
cell rearrangements.
3.2.2. Differentiation-dependent cell cycle (DCC)
In both animal and plant cells, signaling pathways controlling cell
proliferation are coordinated with those controlling cell differentiation
(Donnelly et al., 1999; Pan, 2010; Gonzalez-Garcia et al., 2011). Thus, it
would be natural to assume that cell cycles are different in different
differentiation states. As an extreme case, we here examined the
situation where differentiated cells were not allowed to divide. We
found that discontinuity increased dramatically (Fig. 10E and G); auxin
ﬂows involving differentiated cells were more easily disrupted by
intercalation from surrounding, undifferentiated cells. This is due to
the stretching of the line of differentiated cells (i.e., auxin ﬂows) by the
growth of surrounding undifferentiated cells, which shortens the
boundary edges between vein cells (Fig. 13A and B). As for straight-
ness, we expected an improvement because of the stretching of vein
cells, but the index was not so different from that in model-0
(Fig. 10H). However, as shown later, this stretching resulting from
the DCC rule brings an improvement in straightness when combined
with other rules.
3.3. Rules for cell mechanics
We here examined how vein pattern changes when the three
mechanical parameters in vertex dynamics depend on auxin ﬂux
or cell differentiation. Speciﬁcally, we tried the following three
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Fig. 12. Schematic diagrams of rules for auxin ﬂux-dependent cell division: (A) vein cells before cell division. The blue cell will divide. The orange line indicates distance
along the vein cells, which is related to the straightness. The blue segments indicate boundaries with neighboring vein cells. (B) Deﬁnition of cell division orientation. The
division plane passes through the cell center (blue broken lines), and is perpendicular or parallel to the auxin ﬂow (orange arrow), the direction of which is deﬁned as the
direction from the maximum in-ﬂux edge to the maximum out-ﬂux edge. (C) In the case of ﬂux-perpendicular cell division, the distance along the vein (orange line) is
lengthened relative to that before the division, while the shortest distance connecting the start cell to the end cell hardly changes. As a result, the straightness decreases. (D)
On the other hand, in the case of ﬂux-parallel cell division, the boundaries with neighboring vein cells (blue segments) are shortened, increasing the risk of cut-in by
neighboring cells. This increases the discontinuity index. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)
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cases: (i) the case where the target area for differentiated cells is
larger than that for undifferentiated cells, which is based on the
observation that differentiated vein cells are larger than undiffer-
entiated cells (Scarpella et al., 2004); (ii) the case where perimeter
elasticity is decreased when a cell differentiates, which also
increases cell size; and (iii) the line elasticity of edges is increased
when the auxin ﬂux through the edges is higher than a certain
threshold level.
The most effective rule was (iii), i.e., ﬂux-dependent line
elasticity of cell edges (FLE rule) (Fig. 10F and G); only with this
rule did the discontinuity of vein patterns become almost zero.
This is intuitively understandable: with this rule, the connections
between cells forming the auxin ﬂow become hardened, prevent-
ing them from being interrupted by surrounding cells (Fig. 13D).
In addition, the FLE rule also prevents the shortening of cell edges
perpendicular to auxin ﬂow, which increases the chance of
redirection to the original ﬂow after cell division (see Section 3.1).
On the other hand, this rule never improved the straightness of vein
patterns; this is because the growth of the connected cell chain
along the auxin-ﬂow against pressure from surrounding cells makes
the ﬂow meandering.
3.4. Normal vein patterns can be achieved by combining multiple
rules
We have examined the effect of each chemical, growth, or
mechanical rule on vein patterns. As shown above, there was no
single rule that improved both the discontinuity and straightness
problems at the same time. Here we show that normal vein
patterns with zero discontinuity and full straightness can be
achieved by appropriately combining multiple rules among those
we have already examined.
3.4.1. Combination of FLE and DCC rules
The discontinuity problem was almost solved only with the
rule of ﬂux-dependent line elasticity (FLE). For improving the
straightness of auxin ﬂow, we further imposed a constraint that
the cell cycle stops in differentiated cells (i.e., DCC rule). This is
because, as observed in Section 3.2, the division of vein cells
enlarges the curvature of auxin ﬂows and because the DCC rule
induces the stretching of vein cells through the growth of
surrounding cells. This combination of FLE and DCC rules caused
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Fig. 13. Differentiation-dependent cell cycle (DCC): (A) a typical vein pattern with the DCC rule. (B) A magniﬁed view of the dotted box in (A). When the cell cycle of
differentiated cells stops, the growth of surrounding undifferentiated cells acts as an external force to stretch the vein cells (red arrows). Consequently, the chance of
interruption by surrounding cells becomes higher, leading to larger discontinuity. (C) A typical vein pattern with the DCC–FLE combined rule. (D) Explanation of the FLE rule.
If the auxin ﬂux through an edge is over a threshold, its line elasticity increases 10 fold over that of the other edges. In this study, the threshold value was set to the same
value of θdif. (E) A magniﬁed view of the dotted box in (C). Thanks to the FLE rule, the auxin ﬂow is not broken, even when the vein cells are stretched by the growth of
surrounding undifferentiated cells due to the DCC rule. However, vein cells develop abnormal shapes due to over-stretching. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this article.)
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a noticeable change in straightness; its value was stably kept at
around 0.95 throughout tissue growth (Fig. 14A and F). Another
point to note is that the discontinuity was kept at zero throughout
the simulations (Fig. 14E), meaning that the FLE rule is powerful
enough to prevent auxin ﬂow being interrupted due to the
stopping of the cell cycle in differentiated cells (see Section 3.2.2).
We also tried the combination of RR and DCC rules (Fig. 14B).
Although straightness was a little improved, as expected, the
discontinuity problem could not be completely solved (Fig. 14E).
In contrast, the combination of the CP and DCC rules did not
improve either discontinuity or straightness (Fig. 14E and F).
3.4.2. Further imposition of constraints
The combination of FLE and DCC rules succeeded in achieving
vein patterns with zero discontinuity and fully high straightness.
However, the combination also caused abnormal cell shapes;
differentiated cells mediating the auxin ﬂow became highly
stretched due to the growth of surrounding, undifferentiated cells
(Fig. 13C and E). To overcome this problem, we further imposed a
rule of non-cell-autonomous division (i.e., passive cell division)
with a ﬂux-perpendicular orientation of division; speciﬁcally, we
assumed that differentiated cells divide only when the length of
one of its edges reaches a certain threshold. As a possible
mechanism for this rule, cells might be able to recognize their
length by sensing mechanical stress caused by stretching. The cell
shape abnormality was solved by keeping the straightness over 0.9
(Fig. 14D and F). We tried a rule of cell-autonomous cell division (i.e.,
stretching-independent active division) with the division rate
being slower than that in undifferentiated cells. With this rule,
the abnormality in cell shape also disappeared but the straightness
was lower than that with the rule of passive division (Fig. 14C and
F). Therefore, we consider that the rule of passive division is a
more plausible mechanism in actual leaf development.
3.5. Results in the case without a cell edge reconnection process
Here we brieﬂy summarize the results of adding different
constraints in model-0 on venation patterning in the case where
cell edge reconnection is not allowed and the topological change
in the vertex network occurs only through cell division.
As for chemical constraints, since the RR rule assumed edge
reconnection, we examined only the CP (i.e., intracellular polarity)
rule. In the absence of reconnection, discontinuity in model-0 was
lower than that in model-0 with reconnection (Fig. 15A and B), and by
adding the CP rule, this discontinuity problem was greatly improved
(but not completely) (Fig. 15B). In contrast, the straightness of auxin
ﬂow was almost unchanged. Regarding constraints on tissue growth,
we did not examine their effects because all the rules on tissue growth
(i.e., FPE, FPA, and DCC) caused anomalous tissue growth. As stated in
Section 2.10, without edge reconnection, the orientation of cell division
needs to be chosen along the shortest cell axis for tissue growth with
normal cell shape. Furthermore, when the cell cycles of differentiated
cells was stopped (DCC rule), their shapes became abnormal due to
stretching from the growth of surrounding, undifferentiated cells,
ultimately making numerical simulations impossible. The FLE rule
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Fig. 14. Results of numerical simulation with combination rules. (A)–(D) Typical patterns generated by simulations with each combination rule. (A) Differentiation-
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related to cell mechanics, as expected, perfectly improved the dis-
continuity problem, although the straightness was still low (Fig. 15B).
As seen in Section 3.3, this rule prevented the shortening of cell edges
perpendicular to auxin ﬂow, which increases the chance of redirection
to the original ﬂow after cell division.
As is the case with edge reconnection, the combination of rules
FLE, DCC, and passive division, worked well; the straightness and
discontinuity problems were signiﬁcantly improved (Fig. 15B).
Although disconnection occasionally occurred, it was completely
solved by adding the CP rule (Fig. 15B).
3.6. Summary of the results
The following is a summary of the above simulation studies (it
holds for both models, with and without cell edge reconnection):
(1) Coupling of chemical dynamics for canalization and tissue
growth as independent models cannot reproduce normal
venation patterning.
(2) Although discontinuity in auxin ﬂow can be partially improved
by introducing chemical-rerouting mechanisms (RR, CP), the
rule of “ﬂux-dependent line elasticity of cell edges” (FLE) is
essential for its complete solution.
(3) The rule for cell division orientation hardly contributes to
improvements in the patterns by itself.
(4) No single rule for the chemical, growth, or mechanical aspects
can improve the straightness of the auxin ﬂow.
(5) Combining multiple rules (speciﬁcally, FLE and DCC rules) is
sufﬁcient to achieve normal vein patterns with zero disconti-
nuity and full straightness.
Fig. 15 shows the two indexes for discontinuity and straightness
when the number of cells reaches 2500 (7.5 DAG).
4. Discussion
Whether the canalization hypothesis still applies in dynami-
cally growing tissues is an important issue for elucidating the
mechanism of vascular system formation in plant leaf develop-
ment. We showed in Fig. 1 that the independent coupling of
auxin–PIN dynamics for the canalization mechanism and tissue
growth cannot reproduce normal venation patterning. The main
causes for the anomalous patterns were the disruption and mean-
dering of auxin ﬂows due to the dynamic change in the spatial
arrangement of cells and the lengths of cell edges through tissue
growth. Our subsequent simulation studies revealed that to
achieve normal venation patterning, tissue growth dynamics and
cell mechanical properties need to appropriately change according
to auxin concentration, ﬂux, or the resulting cell differentiation
state. In particular, without the rule of ﬂux-dependent line
elasticity (FLE), the discontinuity in auxin ﬂows cannot be pre-
vented. Once the disruption occurs, local circulations of auxin ﬂow
consisting of several cells are easily formed and stably maintained.
Such discontinuity of veins and formation of many local
circulations are observed in different mutants of Arabidopsis, e.g.,
cvp1, cvp2 (Carland et al., 1999), cvl1 (Carland and Nelson, 2009),
van3 (Koizumi et al., 2005; Scarpella et al., 2006), and vik (Ceserani
et al., 2009). Among these mutants, van3 shows the most severe
discontinuity, and the auxin ﬂow pattern in that mutant is similar
to that observed in our simulations (Fig. 10A). The VAN3 gene
encodes an ADP-ribosylation factor (ARF) GTPase activating pro-
tein (GAP), and its expression is induced by auxin (Koizumi et al.,
2005; Sieburth et al., 2006). ARF-GAP is potentially necessary for
vesicle formation at the plasma membrane and the trans-Golgi
network/early endosome, and thus it may be required for the
transport of membrane proteins, such as PIN1 (Naramoto et al.,
2009, 2010). In fact, PIN1 intracellular accumulation is reduced in
van3 mutants when compared with wild-type roots (Naramoto
et al., 2010). Our results suggest VAN3 might also be required for
the transport of molecules related to the modiﬁcation of cellular
mechanical properties and/or the maintenance of intracellular
polarity against cell division. Further, our simulation study also
predicts the existence of a mutant that has zigzag veins with low
straightness; in the simulation with FLE rule and without the
differentiation-dependent cell cycle (DCC) rule, straightness is
lower than that of actual leaves. For example, the gram mutant
in Antirrhinum shows a zigzag venation pattern, and the GRAM
gene is known as a regulator of cell division in leaf lamina (Navarro
et al., 2004).
With the growth of the leaf, the size of veins increases, but it is
unknown whether this increase in size is due to an increase in the
number of vein cells or rather to an increase in their size. As
shown in Section 3.4.2, the combination of the FLE rule with the
passive division of vein cells is a possible way to prevent the
discontinuity and meandering of auxin ﬂows and to maintain
normal cell shapes. On the other hand, changing the shapes of vein
cells into elongated cells without cell division in response to forces
applied to them might be another way to achieve normal venation
patterning. Since long-term culture and high resolution time-lapse
imaging of developing leaves are difﬁcult at present, little is
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known about the temporal changes in the number and size of vein
cells. If it is shown in future experiments that the size and shape of
vein cells do not change drastically but that the number does, the
former model, i.e., the combination of FLE and passive division,
will be supported. Similarly, measuring changes in the cell cycle
and division orientation of vein cells under various mechanical
stresses might be valuable for elucidating the growth mechanism
of veins.
In our simulations, we assumed that the speed of tissue growth
(i.e., cell cycle) is much slower than the speed of chemical
processes, including auxin–PIN dynamics and cell differentiation.
If this assumption is broken, the pattern drastically changes; a
leading vein that is the largest path of auxin ﬂow with many
branches (Fig. 16A) never appears, and instead, many smaller veins
protruding from the IA boundary appear (Fig. 16B), which is
consistent with the pattern obtained in the simulation without
tissue growth (Fig. 16C). In actual plant leaves, such leading veins
clearly exist, supporting that the assumption on the balance of
timescales between chemical dynamics and tissue growth is
appropriate.
In this study, by making the best use of the merits of simulation
studies, we have examined the effects of various constraints on
chemical dynamics, tissue growth, and cell mechanics on venation
patterning, which are difﬁcult to do with direct experiments. We
expect that the predictions given by our simulations will serve as
guideposts for experiments aimed at ﬁnding the key factors for
achieving normal venation patterning in developing plant leaves.
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